INTRODUCTION
Today's infrared detector arrays consist of Hgl-xCdx Te deposited upon lattice matched Cdl_xZnx Te substrate wafers. Very high quality Cdl-xZnx Te crystals must be grown so that substrate wafer defects do not degrade the detector's perfonnance. Usually, the Cdl_xZnxTe crystals are grown by a Bridgman technique in which a charge is melted in a cylindrical quartz ampoule and slowly withdrawn from the hot zone (at ~ 1100°C) of a furnace. I The best quality crystal is obtained from material solidified under plane front conditions. 2 This is difficult to achieve, and a need has arisen for in situ sensing of the growth process to characterize, and ultimately control, the interface shape.
One possible approach is ultrasonic velocity sensing. The ultrasonic time of flight (TOF) methods have been used successfully to measure the internal temperature field 3 . 4 and the liquid-solid interfaces during the solidification of metals and alloys. It is based on the relative transparency to ultrasound of many compound semiconductors (even at high temperatures), the strong dependence of ultrasonic velocity upon temperature and the discontinuous change in velocity upon melting (many systems exhibit velocity differences of 20 % or more between liquid and solid). With the emergence of laser ultrasonic transduction methods,6 these concepts potentially can be applied in the harsh environment of a crystal grower without perturbing growth conditions. The application of these concepts to Cdl_xZnx Te single crystal growth is complicated by the anisotropic nature of wave propagation. The TOF of an ultrasonic ray traversing the region of solidification in this case depends upon both the fraction of the path traversing solid material and its crystallographic orientation. The bending (refraction) of the ray path at the liquid-solid interface (which contributes to the path length and thus TOF) also depends on crystal orientation. We have sought to investigate the significance of these effects to various sensor designs. In particular, we have (1) computed the velocity surface for CdTe from its published room temperature elastic constants, (2) estimated the liquid velocity and set up representative models of the region of solidification, (3) calculated the path and TOF for rays traversing the region (using a 2-D ray tracing algorithm) and (4) used a nonlinear least squares algorithm to reconstruct the liquid-solid interface shape. Encouraging results have been found and several sensor designs appear feasible. The position of solidification within the furnace may also abruptly change for reasons that are not fully understood. Thus, the challenge posed is to find the optimal ultrasonic sensor that can determine interface convexity and measure the location of solidification within the furnace while not perturbing solidification. Experiments alone are a difficult, expensive and time consuming approach to this. We are using theoretical methods and numerical simulation to design and optimize the sensor approach.
U sing modem interferometric transducers and laser generated ultrasound, the TOF can be readily obtained for rays that propagate between arbitrary source and receiver points on the ampoule boundaries. For an assumed geometry (ie ampoule diameter, crystal orientation, solid-liquid interface shape) and prescribed source and receiver points, we simulate ray propagation, determine the TOFs and then use this "data" to investigate the potential reconstruction accuracy for various sensor setups.
ELASTIC W AVE PROPAGATION IN ANISOTROPIC MATERIALS
In general three mutually perpendicular wave modes (quasi-longitudinal, fast quasishear, and slow quasi-shear) can propagate in an anisotropic elastic body.7 The group velocity for each mode differs from the phase velocity, and both depend upon the direction of propagation through the crystal lattice. We need to obtain the velocity surface for the plane traversed by the rays before we can determine the true ray paths and compute TOF values. The phase velocity is determined from the eigenvalues of the Christoffel equation: 7
(1) where P is the density, Cjjkl is the stiffness tensor, v is the phase velocity, dj and nj are components of the displacement and propagation vectors respectively, and Ojj is Kronecker's delta. The components of the group velocity,vgi, are given b/
The single crystal CdTe material has a cubic crystal structure. Figures 2a and 2b show the phase and the group velocity in the (111) plane of CdTe, where Cll = 53.51 GPa, C12 = 36.81 GPa, CM = 19.94 GPa, the density for the solid phase Ps = 5.854 g/cm 3 (at 298 OK). 8 The velocity surfaces for the (001) section are similar to those already reported,9 and are not reproduced here. The sound velocity in the liquid phase is taken to be 2.721 mm/fls, and the density PI = 5.2 g/cm 3 .
WAVE FRONT ANALYSIS
Wave fronts separate the ultrasonically disturbed region from the undisturbed one. The simplest wave front to be experimentally detected is the first arrival one. For anisotropic crystals, this corresponds to the quasilongitudinal wave since its velocity is the largest. We therefore study only the wave fronts of the quasi-longitudinal wave. Consider a cubic single crystal cylinder with a concentric cylindrical liquid core. The single crystal cylinder has an external radius R, and an inner liquid region of radius r. We consider the cases where the where I is the distance between the source point and the point where the ray first touch the interface. The angle of refraction ('1'2) at the solid-liquid interface is determined by Snell's law: (6) where v, is the longitudinal wave velocity in the liquid phase, vQL(8) is the phase velocity of the ray propagating in the solid phase at an angle of 8 with respect to the [010] direction. When the refracted ray exits the liquid at the liquid-solid interface we simultaneously invoke the Christoffel equation together with Snell's law to obtain the admissible angles of refraction and use the Poynting Vector to determine the correct refraction angle '1'3. 10 . 11
We introduce a local coordinate system in which the x' axis is tangential to the liquidsolid interface, and the y' axis passes through the center of the liquid core. The angle '1'2 is now the direction for the incident ray propagating in the liquid phase, and the angle \jI3 gives the direction for the refracted ray propagating in the solid phase. The projection of the wavenumber k, where k = ro/v, ro is the angular frequency, on the x' axis must be the same on both sides of the interface: (7) where k, = ro/v, is the wavenumber in liquid. When the z axis coincides with the [001] direction and the wave normal is perpendicular to that direction, the Christoffel equation can be written: (8) where k 2 r lli$, Cll (kl sin'l'2)2 + C66 k2 y' + 2C16(kl sin'l'2)ky' (9a) Eq. (8) and solving the eigenvalue problem for Eq. (8) results in four solutions for ky': two for the refracted quasi-longitudinal wave, and two for the refracted quasi-shear wave. The eigenvector corresponding to each ky' is then obtained using Eq. (8) . We choose the one for which the direction of the acoustic energy flow, determined by Eq. (2), is in the positive y' direction. Figure 4 shows the calculated ray paths for a [001] crystal cylinder with an external radius R = 37.5 mm, and an inner liquid radius r = 7.5 mm. We see that there exists a critical incidence angle 8c = sin·1(r/R). When 8 > 8c no ray enters into the liquid core, and the ray paths are straight. Each ray that enters into the liquid core (8 < 8c) is bent twice by the interface toward the center line ([010] direction). Those rays entering into the liquid core are bounded by two caustics. Between the caustic and the ray with the angle 8 = 8c there is a shadow zone. Only diffracted rays can exist in the shadow zone. We notice that locating the boundaries of the shadow zone may be one way to determine the interface radius. 
RECONSTRUCTION RESULTS
Every and Sachse have shown 12 that when only quasi-longitudinal TOF data is available, only a partial set of the elastic constants of anisotropic materials can be recovered no matter which ray paths are used. For cubic materials, this set includes Cll and (c12+2c44). In the crystal growth situation, the elastic constants would fortunately be known. We need only to recover the interface radius, ultrasound velocity in the liquid phase (which gives its temperature), and the crystal orientation. One approach is the nonlinear least squares method. 13 Since both the phase and group velocities for the quasi-longitudinal wave in the (111) plane are isotropic, the crystal orientation for this plane will not be recovered if only the quasi-longitudinal TOF data is used. Table I shown below lists results for such a reconstruction for the (00 1) and (111) planes of a crystal containing liquid with inner radius r = 20 mm. Simulated "measured" TOF data was used for the reconstruction by adding ± 50 nsec "noise" to the calculated TOF data from the group velocity. A total of 21 TOF data were used with -45.0° ~ 8 ~ 45.0°. For the (001) plane, the crystal orientation was defined as the angle between the [010] direction and the y coordinate of the laboratory reference frame.
The reconstructions have remarkably well recovered the unknowns in the models. They suggest that a set of TOF values collected on a cross sectional slice through the region of solidification may indeed provide a way to infer liquid-solid interface geometry. Repeating the measurements at other axial locations (with different values of r) may then allow a 3-D mapping of the interface. The calculation's principal limitations are the use of 2-D ray tracing algorithm and the absence of reliable ultrasonic velocities for the high temperature solid and the liquid. Future work will address these issues. 
